In this paper, we study a sequential fractional q-integrodifference equation with fractional q-integral and q-derivative boundary value conditions. Our problem contains two different fractional orders and six different numbers of q in derivatives and integrals. By using Banach's contraction principle and Krasnoselskii's fixed point theorem, some new existence and uniqueness results are obtained. An illustrative example is also presented.
Introduction
In the th century, the intensive works on q-difference equations have became interesting subject of research work [-] in the areas of mathematics and applications such as the applications to orthogonal polynomials and mathematical control theories. Basic definitions and properties of q-difference calculus can be found in the book [] . For the fractional q-difference calculus originating with work by Al-Salam [] and Agarwal [] , we refer to the book of Annaby and Mansour [] . Many intensive works on q-difference equations and fractional q-difference equations have been conducted (see [-] ). However, the study of the boundary value problem of nonlinear q-difference equations is in deficiency. Examples of such scant works are as follows.
In , Agarwal et al. [] proposed the nonlinear q-integrodifference equation with non-separated boundary condition given by 
u(t) = f (t, u(t)) + I q g(t, u(t)), t ∈ I q , u()
To gain further insight in nonlinear q-integrodifference equations, in this paper, we devote our attention to the study of the existence and uniqueness for a sequential q-integrodifference boundary value problem involving two different fractional orders and six different numbers of q in derivatives and integrals of the form
are proper fractions with w ≤ o, LCM is the least common multiple; κ ≤
From our problem, we see that there are six different values of the q numbers consisting of q, p, o, w-derivatives and v, r-integrals. This paper is organized as follows. We give some basis definitions, some properties of the q-difference operator and lemma as material used for this study in Section . To achieve proving the existence and uniqueness of solution of the given problem (.), we employ Banach's contraction mapping principle and Krasnoselskii's fixed point theorem in Section . Using our main results, we provide an example in Section .
Preliminaries
In the following, there are notations, definitions, and lemmas which are used in the main results. Let q ∈ (, ) and define
The q-analog of the exponential function is
The q-analog of the power function (a -b)
We also use the notation  (α) =  for α > . The q-gamma function is defined by
For any x, s > , the q-beta function is defined by
For higher order q-derivatives of f , we define
Next, if f is a function defined on the interval [, T], q-integral is defined as
Note from the last term of the above definition that the infinite series is convergent.
Definition . []
For α ≥  and f defined on [, T], the fractional q-integral of the Riemann-Liouville type is defined by
, the fractional q-derivative of the Riemann-Liouville type of order α is defined by
where m is the smallest integer that is greater than or equal to α.
Lemma . [] Let α, β ≥  and f be a function defined on [, T]. Then the next formulas hold:
(i) I β q I α q f (x) = I α+β q f (x), (ii) D α q I α q f (x) = f (x).
Lemma . []
Let α >  and N be a positive integer. Then the following equality holds:
Lemma . []
Let α, β ≥  and  < p, q < . Then the following formulas hold:
To define the solution of the boundary value problem (.), we need the following lemma, which deals with a linear variant of the boundary value problem (.) and gives a representation of the solution.
where the functionals
and the constants
Then, taking the p-integral of order γ for (.), we have
which can alternatively be written as
Taking the o-integration of (.), we have
Letting t = , T in (.) and (.), and employing the first and second conditions of (.), we get
Next, taking the r-integral of order θ for σ (t)x(t) where t ∈ I T β , we have
By substituting C  , C  into (.) and employing the third condition of (.), we find that
Substituting C  , C  , and C  into (.), we obtain (.).
On the other hand, we shall show that (.) is the solution of problem (.)-(.). First of all, taking the o-derivative for (.), we obtain
Taking the p-derivative of order γ for (.), we have
Finally, taking the q-derivative for (.), we obtain (.). The proof is completed.
Main results
In order to prove the main results, we need to transform the boundary value problem (.) into a fixed point problem. We employ Lemma . by letting
, the Banach space
} equipped with a topology of uniform convergence with respect to the norm 
with the constants A, B defined as (.)-(.), respectively. Clearly problem (.) has solutions if and only if the operator F has fixed points.
In addition, assume that f , σ , and P satisfy the following conditions:
Then the given boundary value problem (.) has a unique solution.
Proof As mentioned earlier, we need to transform the boundary value problem (.) into a fixed point problem x = Fx, where F : C → C is defined by (.). We assume that sup t∈I T α |f (t, , , )| = K and choose a constant R satisfying the inequality
For x ∈ B R , the following is to prove that FB R ⊂ B R , where B R = {x ∈ C : x ≤ R}. First we consider
Consequently, we have
(.) Therefore, we obtain
Hence, we can conclude that FB R ⊂ B R . Further, considering for any x, y ∈ C and t ∈ I T α , letting
we find that
Similarly, we have
Consequently, we obtain
From (H  ), we can conclude that F is a contraction. Therefore, our proof is completed by using Banach's contraction mapping principle.
The following theorems show the existence of at least one solution to the boundary value problem (.) by employing the Krasnoselskii fixed point theorem.
Theorem . [] Let E is a bounded closed convex and nonempty subset of a Banach space X. If A, B are operators such that:
(i) Ax + By ∈ E whenever x, y ∈ E, (ii) A is compact and continuous, (iii) B is a contraction mapping; then there exists z ∈ E such that z = Az + Bz.
Theorem . Assume that the condition (H  )-(H  ) of Theorem . are assumed. In addition we suppose that:
Then the boundary value problem (.) has at least one solution on I
where  and  are given by (.).
Proof We set sup t∈I T α |μ(t)| = μ , choose a constant
and let B = {x ∈ C : x C ≤ }.
On the given ball B , we define the operators F  and F  as
For any x, y ∈ B , since
and by the same argument as above, we have
We can conclude that F  x + F  y ∈ B . By the condition (.), F  is a contraction mapping. From the continuity of f and P, with the condition (H  ), the operator F  is continuous and uniformly bounded on B . We next show that F  is compact. For t  , t  ∈ I T α where t  ≤ t  and x ∈ B , we have
We see that the right-hand side of the latter inequality tends to zero if t  → t  . Therefore, F  is relatively compact on B . Hence, by the Arzelá-Ascoli theorem, we can conclude that F  is compact on B . We find that all assumptions of Theorem . are satisfied. Therefore, we can reach the conclusion that the boundary value problem (.) has at least one solution on I T α . Our proof is completed.
Example
To illustrate our main result, we provide an example of the boundary value problem of second-order q-difference equations with q-integral boundary conditions: 
